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The stress distribution across an inhomogeneous circular beam subjected to pure bending is considered. In previous
treatments the spatial variation of the elastic stiﬀness has been modeled by a power law and here a slight generalization
for the form of the elastic stiﬀness is given. It is shown that the standard curved beam approximation exhibits excellent
agreement with the exact results. A method of engineering the stiﬀness gradient to produce a speciﬁed stress proﬁle is
presented.
 2006 Elsevier Ltd. All rights reserved.
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The use of functionally graded materials has been increasing and these inhomogeneous solids have received
considerable scientiﬁc attention (Noda, 1999; Fukui and Yamanaka, 1993; Markworth et al., 1995; Ichikawa,
2001; Jeon et al., 1998; Picasso et al., 1994; Islam, 1996; Freund and Suresh, 2003). These composites are
designed so that their material properties vary with position to produce a nearly optimal elastic ﬁeld. Of par-
ticular interest in this contribution is the special case where the elastic properties within a circular plane bar
vary in the radial direction but are constant across the depth. This type of inhomogeneity can be due to several
causes: directional cooling leading to a microstructural gradient (Markworth et al., 1995); phase segregation
arising as a result of centrifugal casting (Fukui and Yamanaka, 1993); property degradation of the fuel clad-
ding in nuclear reactors (Subbaraman and Reifsnider, 1976); chemical and vapor deposition (Freund and Sur-
esh, 2003); and surface modiﬁcation using laser technology (Picasso et al., 1994; Islam, 1996).
The stress across the wall of a pressurized pipe made of homogeneous solid was ﬁrst solved by Lame´ in
1852. Due to the current interest in functionally graded materials this problem, where the pipe properties vary
in the radial direction, has been extensively revisited in recent years (Horgan and Chan, 1999; Lekhnitskii,
1981; Tutuncu and Ozturk, 2001; Jaabbari et al., 2002). In contrast, the companion problem of ﬁnding the
stress in a circular bar subjected to pure bending has not attracted nearly as much attention. For homogeneous0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.11.021
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J. Dryden / International Journal of Solids and Structures 44 (2007) 4158–4166 4159solid the bending problem was ﬁrst solved by Golvin in 1881. Lekhnitskii (1981) has extended the analysis to
include inhomogeneous solid where the stiﬀness varies according to a power law, i.e. E / rn, and the exponent
n is constant. The power law is either monotonically increasing or decreasing depending upon the sign of the
exponent. Here the stress ﬁeld associated with a slightly more general form for Young’s modulus is obtained.
As in previous treatments dealing with the analysis of inhomogeneous solids, Poisson’s ratio is held constant.
Since the main interest is in ﬁnding how the stiﬀness variation inﬂuences the ﬂexural stress this is not a serious
deﬁciency.
2. Formulation of the problem
Fig. 1 shows a beam of unit depth subjected to pure bending where M is the moment per unit depth. The
beam is bounded by inner and outer radii equal to a and b, respectively. It is convenient to deﬁne a dimen-
sionless radial variable q = r/a so that the inner and outer surfaces correspond to 1 and b = b/a. The average
values (taken across the depth of the beam) of displacement, strain, and stress are considered; for brevity, the
overbar to indicate these average values is omitted. To start, the strains are related to the displacement by the
standard relationsFig. 1.
dimensq ¼ ouoq ; h ¼
u
q
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ou
oh
þ ov
oq
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q
; ð1Þwhere u = ur/a and v = uh/a are dimensionless displacements. In the case of pure bending which is considered
here, the strains are not functions of h, and by considering the formula for q it follows that u must have the
formu ¼ f1ðqÞ þ f2ðhÞ:
Similarly, if h is to be independent of h it follows the v must have the formv ¼ f3ðqÞ 
Z
f2ðhÞdhþ f4ðqÞh:Finally, if qh = 0 it follows that the displacement must have the formu ¼f1ðqÞ þ B1 sin hþ B2 cos h;
v ¼eqhþ B1 cos h B2 sin hþ C1q:The coeﬃcients B1, B2, and C1 represent rigid body modes of displacement and the displacement that leads to
stress isu ¼ uðqÞ; v ¼ eqh: ð2Þ
The tangential displacement represents a rotation by an angle eh about the center of curvature and cross sec-
tions remain plane in pure bending. The case when the solid is homogeneous is discussed by Timoshenko and
Goodier (1970).
It is possible to formulate the problem by either writing the equilibrium conditions in terms of the displace-
ment, or, alternatively, by using a stress function. In either approach, the main purpose of this note is to inves-r = a
r = b
MM
Beam subjected to pure bending where M is the moment per depth. The inner and outer radii are a and b, respectively. A
ionless radius is deﬁned as q = r/a and b = b/a represents the outer surface.
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The analysis simpliﬁes substantially if Poisson’s ratio m is constant and this is equivalent to assuming that the
other elastic stiﬀness coeﬃcients, l, k, and k have the same spatial variation as E. There is some similarity
between the present case, where the properties vary continuously in the radial direction, and the case where
there are discrete phases with diﬀerent elastic properties. In upper elastic bound calculations involving two
phase composites, it has been pointed out by Paul (1960), that provided the inequality of Poisson’s ratio
between phases is not large, the eﬀect is usually insigniﬁcant. So for the sake of simplicity m is regarded as
a constant.
2.1. Equilibrium condition for displacement
The stress is written in terms of displacement and then the equilibrium conditions are utilized. In pure bend-
ing the strain isq ¼ du
dq
; h ¼ uqþ e: ð3ÞUsing Hooke’s law the stress can be written in terms of the displacement u and the constant e. For plane stress,
rz = 0, the relations arerr ¼ E
1 m2
du
dq
þ mu
q
þ me
 
; rh ¼ E
1 m2
u
q
þ eþ m du
dq
 
:Mechanical equilibrium in the hoop direction is identically satisﬁed and in the radial direction equilibrium re-
quires thatd qrq
 
dq
¼ rh: ð4ÞUpon substituting the stress into this equilibrium condition, and taking Poisson’s ratio as being constant, the
diﬀerential equation that emerges isd2u
dq2
þ 1þ g
q
 
du
dq
 1 mg
q2
 
u ¼ eð1 m mgÞ
q
; ð5Þwhere the function g is related to the spatial variation of the elastic stiﬀnessg ¼ q
E
dE
dq
: ð6ÞThe pure bending considered here is an elastic problem of the ﬁrst kind, i.e. the boundary conditions involve a
prescribed stresses. Therefore, after solving Eq. (5) it is necessary to compute the stresses and then adjust the
constants of integration so as to satisfy the boundary conditions.
2.2. Use of a stress function
A more direct method to solve problems of the ﬁrst kind is to ﬁnd an appropriate stress function. Here the
stress function, say p, only depends on the radial variable, i.e. p = p(q). It is noted that the equilibrium con-
dition (4) is satisﬁed if the stress components are derived from the stress function according torq ¼ pq ; rh ¼
dp
dq
: ð7ÞAlthough equilibrium is satisﬁed, the stress components must cause strains that are compatible with displace-
ment and the compatibility condition isoðqhÞ
oq
 q ¼ e: ð8Þ
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situation. For plane stress, Hooke’s law isq ¼ 1E frq  mrhg; h ¼
1
E
frh  mrqg: ð9ÞThe strains in Eq. (9) are written in terms of p. These strains are then inserted into the compatibility Eq. (8),
and it is found that the stress function p must satisfy the nonhomogeneous diﬀerential equationd2p
dq2
þ 1 g
q
 
dp
dq
 1 mg
q2
 
p ¼ eE
q
; ð10Þwhere g represents the eﬀect of the inhomogeneity and is given in Eq. (6).
Solving Eq. (10) when the constant e = 0 gives the complementary solution and suppose that p1(q) and p2(q)
are the two independent solutions. The particular solution can then be found using standard results from the
theory of ordinary diﬀerential equations, see for example Braun (1993). In this process it is noted that the
Wronskian of Eq. (10) satisﬁes the diﬀerential equation dW/dq + (1  g)W/q = 0 and its solution is
W =W0E/q where W0 is a constant. The particular solution is therefore equal to the functionwðqÞ ¼
Z q
1
½p2ðqÞp1ðtÞ  p1ðqÞp2ðtÞdt ð11Þmultiplied by a constant. The stress function is then expressed asp ¼ Mf ðqÞ
a2
; ð12Þwhere M is the moment per depth and the function f(q) isf ðqÞ ¼ D p1ðqÞ  p2ðqÞ
p1ðbÞ  p2ðbÞ
 wðqÞ
wðbÞ
 	
: ð13ÞThe beam is subjected to pure bending and the boundary conditions arerqð1Þ ¼ rqðbÞ ¼ 0 ) f ð1Þ ¼ f ðbÞ ¼ 0;

Z b
a
rhrdr ¼ M )
Z b
1
f ðqÞdq ¼ 1: ð14ÞThe second condition regarding the moment is obtained by using integration by parts and the coeﬃcient D is
adjusted so that
R b
1
f ðqÞdq ¼ 1. To satisfy the boundary conditions the complementary solution is chosen so
that p1(1) = p2(1). Finally, dimensionless stress components Sq and Sh are deﬁned according toSq ¼ f ðqÞq ; Sh ¼
df ðqÞ
dq
; ð15Þwhere rq =MSq/a
2 and rh =MSh/a
2. For a homogeneous straight beam the ﬂexural stress is r =My/I where
the moment of inertia is given by I = (b  a)3/12. The outermost ﬁbers are at a distance y = (b  a)/2 from the
neutral axis and the maximum stress is Sh  6/(b  1)2. This represents the limiting case when the curved beam
becomes suﬃciently thin, i.e. b! 1, so that both the curvature and inhomogeneity can be neglected.
3. Solution corresponding to E / q2mexp [cqs]
Existing analytical treatments use a power law relation E = Eaq
2m so that the stiﬀness is either monoton-
ically increasing or decreasing depending on the sign of the exponent. A slight generalization is available for
Young’s modulus having the formE ¼ Eaq2m exp½cðqs  1Þ; ð16Þ
where m, s, c are real constants and Ea is the value of the stiﬀness at the inner surface. The term c is written as
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bs  1 ;where Eb is the value of the stiﬀness at the outer surface. Using this form for E in Eq. (6) it is found that
g = 2m + scqs and the homogeneous portion of Eq. (10) is written asq2
d2p
dq2
þ ð1 2m scqsÞq dp
dq
 ð1 2mm smcqsÞp ¼ 0The solutions are written as p = qfy where f is a root of f2  2mf  1 + 2mm = 0 and the two roots are
f1 ¼ mþ k; f2 ¼ m k; k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2mmþ m2
p
;where k > 0 so the roots are distinct. The ﬁrst solution is p1 ¼ qf1y1 and if this form is substituted into the
diﬀerential equation it is found that y1 is a solution ofq2
d2y1
dq2
þ q dy1
dq
ð1þ 2k  csqsÞ  scqsðf1  mÞy1 ¼ 0:Then on setting x = cqs it follows after some algebra that y1 satisﬁes Kummer’s equationx
d2y1
dx2
þ ðb1  xÞ dy1
dx
 a1y1 ¼ 0;where a1 = (f1  m)/s and b1 = (s + 2k)/s. The function y1 is equal to Kummer’s function, y1 =M(a1,b1,x).
After a similar calculation using the second root f2 the two independent solutions of the homogeneous equa-
tions are found asp1ðqÞ ¼
qf1Mða1; b1; cqsÞ
Mða1; b1; cÞ ;
p2ðqÞ ¼
qf2Mða2; b2; cqsÞ
Mða2; b2; cÞ ;where a2 = (f2  m)/s and b2 = (s  2k)/s. The particular solution is then found using Eq. (11) and the stress
components can then be found. It is implicitly assumed that s and m are selected so that neither b1 nor b2 is
equal to an integer. The properties of the Kummer functions are given in standard mathematical references,
for example Abramowitz and Stegun (1972), Bell (1968).
It is interesting to compare the exact result with an approximate solution derived from the theory of curved
beams. Eq. (3) gives the hoop strain, h = u/q + e, and in the beam analysis the displacement u is taken as
being constant. Then assuming the ﬁbers are in simple tension, the ﬂexural stress is rh = E h and using the
expression in Eq. (16) for Young’s modulus it follows that Sh = exp[cq
s](S0q
2m + S1q
2m1) where S0 and S1
are constants. Since Sh = dfc/dq it follows after integration that the functionfcðqÞ ¼ C q1ðqÞ  q1ð1Þq1ðbÞ  q1ð1Þ
 q2ðqÞ  q2ð1Þ
q2ðbÞ  q2ð1Þ
 	
ð17Þis obtained where the subscript ‘‘c’’ indicates the curved beam approximation andq1ðqÞ ¼q2mþ1M
2mþ 1
s
;
2mþ 1þ s
s
; cqs
 
;
q2ðqÞ ¼q2mM
2m
s
;
2mþ s
s
; cqs
 
:Finally, the coeﬃcient C is adjusted so that
R b
1
fcðqÞdq ¼ 1.
By adjusting the parameters m and s the eﬀect of coatings on the inner and outer surfaces upon the stress
ﬁeld can be approximated. Fig. 2a shows a graph of E/Ea versus q where Ea = Eb, m = 5, s = 4.1. Fig. 2b
shows a graph of the dimensionless radial stress Sq versus q, and Fig. 2c shows a graph of the dimensionless
tangential stress Sh versus q. For a homogeneous beam the maximum ﬂexural stress Sh = 2.292 and 1.130 at
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Fig. 2. (a) Modulus E/Ea versus dimensionless radius q when b = 3, m = 5, s = 4.1 and Ea = Eb; (b) Dimensionless radial stress Sq versus
q; (c) Dimensionless tangential stress Sh versus q. The solid lines are the exact results and the dashed lines are from the curved beam
approximation.
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stress.
In contrast by setting m = 4 and s = 4.1 the stiﬀness is increased in the central portion of the beam. Fig. 3a
shows a graph of E/Ea versus q where as above Ea = Eb. Fig. 3b shows a graph of the dimensionless radial
stress Sq versus q, and Fig. 3c shows a graph of the dimensionless tangential stress Sh versus q. The low stiﬀ-
ness at the inner and outer surfaces lessens the maximum stress.
In both of the two cases discussed above the stresses do not change appreciably by using nonzero values for
Poisson’s ratio. Moreover, the curved beam approximation is in good agreement with the exact results. In the
beam treatment a state of simple tension h = rh/E is assumed and apparently neglecting the inﬂuence of mrq/
E on the strain does not cause much error. According to Oden and Ripperger (1981), this can be explained by
noting that the radial stress is small when the hoop stress is large and vice versa.4. Engineering the properties for a speciﬁed stress
One of the principal reasons for using a functionally graded material is that the properties can be tailored to
produce a speciﬁed stress ﬁeld across the beam. When the beam is homogeneous the highest stress occurs at
the inner and outer surfaces of the beam. It is possible to adjust the properties so that there is a more equitable
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Fig. 3. (a) Modulus E/Ea versus dimensionless radius q when b = 3, m = 4, s = 4.1 and Ea = Eb; (b) Dimensionless radial stress Sq versus
q; (c) Dimensionless tangential stress Sh versus q. The solid lines are the exact results and the dashed lines are from the curved beam
approximation.
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limiting case the stress is piecewise constant across the beamrh ¼ Ma2g2
1; q < q0;
1; q > q0;

ð18Þwhere g = (b  1)/2 and the centroid is q0 = (1 + b)/2. By trial and error m, s and c can be adjusted to approx-
imate this stress ﬁeld, however, another method is preferable.
Using the curved beam treatment it is quite simple to obtain an approximation for the elastic distribution.
The strain is written ash ¼ 0 1q
1
q0
 
: ð19ÞAccording to the beam treatment, the stress is rh = Eh so that E has the formE
E0
 1
q
 1
q0


1
; ð20Þ
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The be0 ¼ ME0a2g2 ð21Þis required to maintain equilibrium.
The exact expression for the elastic stiﬀness proﬁle necessary to cause this stress can also be found. To
begin, it is noted that the strain h = u/q + e is given in Eq. (3) so that the constante ¼  0
q0
¼  M
E0a2g2q0
:Using p =M f/a2 it follows that Eq. (10) can be then be written asq
d/
dq
q
df
dq
 mf
 
þ / q2 d
2f
dq2
þ qdf
dq
 f
 
þ q
g2q0
¼ 0; ð22Þwhere the function / = E0/E represents the compliance and the functionf ¼ 1
g2
q 1; q < q0
b q; q > q0

ð23Þis required to give the constant stress proﬁle in Eq. (18). The problem is then to ﬁnd the function / so that f
satisﬁes the compatibility condition. Substituting the expression for f into Eq. (22) two piecewise diﬀerential
equations are obtained and if m = 0 these two equations areq2
d/
dq
þ /þ q
q0
¼ 0; q < q0;
q2
d/
dq
þ b/ q
q0
¼ 0; q > q0:
ð24ÞNear q = q0 the stress is ﬁnite so the boundary condition is /(q0) = 0. These two ﬁrst order equations are solv-
able and the solution can be written asReciprocal of Dimensionless Radius, α =  1 / ρ
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Compliance function / versus a = 1/q where b = 3 and a0 = 1/q0 = 1/2. The solid line corresponds to the exact solution with m = 0.
am approximation |a  a0| is given by the dashed line.
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exp½a R aa0 exp½n dnn ; a > a0;
exp½ba R ba0ba exp½n dnn ; a < a0;
8<
: ð25Þwhere a = 1/q and a0 = 1/q0. Fig. 4 shows a graph of the compliance function / versus a across a beam where
b = 3. The beam approximation is /c = |a  a0| and is shown in Fig. 4 by the dashed lines and near q = q0 the
exact solution is identical to the curved beam approximation. For values of m5 0 the agreement between the
beam and exact solutions is reasonable.
5. Concluding remarks
First, Young’s modulus has been expressed by the form E / q2mexp[cqs] and some limiting cases such as
almost homogeneous solid, extremely inhomogeneous solid, and very thin coatings can be modeled by adjust-
ing the parameters s, m and c. In these cases the asymptotic behaviour of the Kummer functions is known and
the expressions for the stress can be simpliﬁed. Second, it is questionable whether or not the piecewise constant
stress proﬁle, given in Eq. (18), has any mechanical merit. The purpose of Section 4 is to describe a method
that can be used to tailor the elastic proﬁle to cause a speciﬁed stress distribution. Third, the curved beam
approximation, which is relatively simple, gives stresses that are in good agreement with the exact treatment.
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